Markov [4] called a subset A of a group G unconditionally closed in G if it is closed in each Hausdorff group topology on G. Thus, a group is topologizable (i.e., it admits a nondiscrete Hausdorff group topology) if and only if the complement to the identity (or any other) element in this group is not unconditionally closed.
A natural example of unconditionally closed sets is the solution sets of equations in G, as well as their finite unions and arbitrary intersections. Markov called such sets algebraic. The precise definition is as follows.
Definition (Markov [4] ). A subset A of a group G with identity element 1 is said to be elementary algebraic in G if there exists a word w = w(x) in the alphabet G ∪ {x ±1 } (x is a variable) such that A = {x ∈ G : w(x) = 1}. Finite unions of elementary algebraic sets are additively algebraic sets. Arbitrary intersections of additively algebraic sets are called algebraic.
Note that G \ {1} is algebraic if and only if it is additively algebraic. (Indeed, if G \ {1} = A α , where each A α is a subset of G, then A α = G \ {1} for some α and all the other A β coincide with G.)
An expression of the form w(x) = 1, where w(x) is an element of the free product G * x , i.e., a word in the alphabet G ∪ {x ±1 } (x is treated as a variable), is called an equation in G. A solution to this equation is any a ∈ G such that substituting it for x into w(x) yields 1, i.e., such that w(a) = 1. An inequation is an expression of the form w(x) = 1, and its solution is any a ∈ G for which w(a) = 1. The algebraic sets in G are the solution sets of arbitrary conjunctions of finite disjunctions of equations in G.
Thus, a natural necessary condition for a group G to be topologizable is that the complement to the identity (or, equivalently, an arbitrary) element must not be (additively) algebraic in G (this means that a finite system of inequations in G cannot have precisely one solution).
It had long been unknown whether this condition is also sufficient, i.e., whether the complement to the identity element in a group is unconditionally closed only if it is algebraic. In his 1945 paper [4] , Markov posed the problem of whether any unconditionally closed set is algebraic. In [5] (see also [3] ), he solved this problem for countable groups by proving that any unconditionally closed set in a countable group is algebraic. This author recently proved that the answer is also positive for some subgroups of direct products of countable groups (in particular, for all Abelian groups) [9] . However, in the general case, the answer is negative ( [2] ; see also [8] ).
Thus, the necessary topologizability condition stated above is not sufficient. In 1977, Podewski suggested a sufficient condition [7] . It is based on the following generalization of the requirement that the complement to an arbitrary element must not be algebraic.
Definition (Podewski [7] ). A group G is said to be ungebunden if no system of fewer than |G|-many inequations in G has precisely one solution.
The sufficient condition is that of being ungebunden.
1 It is not necessary; Hesse proved the existence of a topologizable group of any uncountable cardinality λ in which some countable system of inequations has precisely one solution [2] . Hesse also suggested a generalization of the property of being ungebunden for arbitrary cardinals; namely, he called a group τ -ungebunden if no system of < τ inequations in this group has precisely one solution. A group G being ungebunden is equivalent to its being |G|-ungebunden, and the set G \ {1} is additively algebraic in G if and only if G is ℵ 0 -ungebunden. A natural generalization of this notion in terms of solutions to equations is as follows.
Definition. Let τ be an arbitrary cardinal. We say that a subset A of a group G with identity element 1 is τ -additively algebraic if it can be represented as a union of fewer than τ -many elementary algebraic sets. Arbitrary intersections of τ -additively algebraic sets are called τ -algebraic. The ℵ 0 -(additively) algebraic sets coincide with the (additively) algebraic sets.
Recall that a topology T is called a P τ -topology if any intersection of
Definition. We say that A is unconditionally τ -closed in G if it is closed in any Hausdorff group P τ -topology on G. Clearly, all unconditionally closed sets are unconditionally τ -closed for any cardinal τ , and unconditionally ℵ 0 -closed sets coincide with unconditionally closed sets. By an F <τ -set (in a given topology) we mean a union of < τ -many closed sets.
It is easy to see that all τ -algebraic sets are unconditionally τ -closed; as mentioned above, the converse is not always true. In this paper, we prove, in particular, that all unconditionally τ -closed sets are τ -algebraic in any group whose center has index at most τ . Definition (Markov [5] ). Let m be a positive integer. By a multiplicative function of m arguments we mean an arbitrary element of the free product t 1 * · · · * t m , i.e., an irreducible word on the alphabet {t The length of the function is equal to the length of this word. Suppose that G is a group and g 1 , . . . , g m ∈ G. The value of a multiplicative function Φ =
1 Podewski stated in [7] that any ungebunden algebraic system was topologizable. Palyutin, Seese, and Taimanov noticed that this is not true; they constructed a nontopologizable ungebunden ring [6] . However, Podewski's result is true for groups; moreover, a minor modification of the definition of the property of being ungebunden, which was suggested by Hesse and does not affect the case of groups, renders it true for arbitrary algebraic systems [2] .
Note that the set of all multiplicative functions is countable, and the set of all multiplicative functions of length k with at most n variables is finite for any positive integers k and n.
Definition. For a subset A of a group G, A G τ (or simply A) denotes the τ -algebraic closure of A in G, i.e., the intersection of all τ -algebraic sets in G containing A.
As usual, [G]
≤τ denotes the family of all subsets of G of cardinality at most τ . This is a partially ordered set under inclusion. If P is a property of groups such that any X ∈ [G] ≤τ is contained in a subgroup of cardinality ≤ τ with property P, then set theorists would say that subgroups with property P form an unbounded set in [G] ≤τ . If, in addition, the union of any increasing chain of at most τ (precisely τ ) subgroups of cardinality ≤ τ with property P has property P, then set theorists (we) say that subgroups with property P form a club (τ -club) in [G] ≤τ ; club is an abbreviation for closed unbounded (see, e.g., [1, p. 916] ). Clearly, any club is a τ -club.
Theorem 1. Suppose that τ is a regular infinite cardinal, G is a group, P is a property of groups such that subgroups with property P form a τ -club in [G] ≤τ , and A ⊂ G is not τ -algebraic in G. Then the family of subgroups A Φ,a0,...,a0 .
The set M 1 is finite; hence B 1 is additively algebraic and, therefore, τ -additively algebraic. We have 1 / ∈ B 1 . On the other hand, 1 ∈ A. Since A is the τ -algebraic closure of A, we have A \ B 1 = ∅. Take x 1 ∈ A \ B 1 . Note that x 1 = 1 and
2 is a multiplicative function (of length 2 with two arguments) for which Φ(a 0 , 1)
Let us represent the infinite cardinal τ (as usual, we assume that τ is the set of all ordinals of smaller cardinality) as the disjoint union of τ -many of its subsets
where each T α is a set of ordinals smaller than τ , T α ∩ T β = ∅ for α = β, and
(it was defined at the beginning of the proof) has at most τ elements. We set a 1 = x 1 and enumerate the elements of G 1 different from 1, a 0 , and a 1 (if they exist) by ordinals from T 1 different from 0 and 1. We obtain
some (possibly, empty) subset of T 1 not containing 0 and 1. The subgroup G 1 may be finite, but it necessarily contains a 0 and a 1 .
Suppose that α ∈ τ and, for all γ < α, we have defined increasing subgroups
≤τ with property P whose elements are enumerated as G γ = {1} ∪ {a β : Φ(b γ1 , . . . , b γn , x γ ) = 1 for some γ 1 , . . . , γ n < γ and b δ ∈ {a δ , x δ } implies Φ(b γ1 , . . . , b γn , 1) = 1. Let us define G α and x α . Let M α be the set of all finite sequences (Φ, b γ1 , . . . , b γn ) , where n is a positive integer not exceeding 2|α| 2 · 2 |α| , Φ is a multiplicative function of length ≤ 3|α|
2 · 2 |α| with n + 1 arguments, γ 1 , . . . , γ n < α, b δ ∈ {a δ , x δ } for δ = γ 1 , . . . , γ n , and Φ(b γ1 , . . . b γn , 1) = 1.
Note that the constraints on the length and number of arguments of Φ are only needed if α is finite; for infinite α, they are void, and M α is simply the set of all finite sequences (Φ, b γ1 , . . . , b γn ), where n is a positive integer, Φ is an arbitrary multiplicative function n + 1 arguments, γ 1 , . . . , γ n < α, b δ ∈ {a δ , x δ } for δ = γ 1 , . . . , γ n , and Φ(b γ1 , . . . b γn , 1) = 1. For any such sequence (Φ, b γ1 , . . . b γn ), we set
and
Each set A Φ,bγ 1 ,...bγ n is elementary algebraic, and the cardinality of M α is less than τ (it is finite if α is finite and equals |α| for infinite α); therefore, B α is τ -additively algebraic. We have 1 / ∈ B α . On the other hand, 1 ∈ A. Since A is the τ -algebraic closure of A, we have A \ B α = ∅. Take x α ∈ A \ B α . Note that x α = a β for β < α. Indeed, if x α = a β for some β < α, then Φ = t 1 t −1 2 is a multiplicative function (of length 2 with two arguments) for which Φ(a β , 1) = a β = 1 (i.e., (Φ, a β ) ∈ M α ) but Φ(a β , x α ) = a β x −1 α = 1. If a α has not yet been defined, we set a α = x α . We also set
and enumerate the elements of G α that have not been enumerated at the preceding steps by ordinals from T α , so that
After τ steps, we obtain an increasing chain of subgroups G α ∈ [G] ≤τ with property P (α < τ ) and an element x α ∈ (A ∩ G α ) \ {a β : β < α} for each α; moreover, α∈τ G α = {a β : β ∈ τ }. For β ∈ τ , we set
where n < ω, β + n ≤ γ, ε = ±1, and δ i < γ} and
: n ∈ ω and γ 1 , . . . , γ n are ordinals such that β + γ i ∈ τ and each γ i occurs at most 2 |γi| times}.
Thus, H β is the union of products of a certain form; namely, each product contains at most 2 n factors H ′ β+n with finite n and arbitrarily many factors H β+γ with infinite γ (provided that β + γ < τ ).
Note that 1 ∈ H β for each β and
We claim that, if α < β ∈ τ , then a α / ∈ H β . Indeed, suppose that, on the contrary, a α ∈ H β for β > α. Then a α = g
, and g i = a δ1(i) . . . a δ k i (i) , where k i is a positive integer such that β + γ ′ i + k i ≤ γ i and δ j (i) < γ i for j ≤ k i . Suppose that a α has no shorter (with smaller n) representation in this form. Let γ * = max{γ 1 , . . . , γ n }, and let {i 1 , . . . , i k } = {i ≤ n : γ i = γ * }. Note that β + γ ′ i ≤ γ * for all i ≤ n; therefore, if γ * is finite, then the assumption that every γ ′ i occurs at most 2
γ * . Clearly, k i < γ * for any i. Consider the obviously defined multiplicative function Φ of length 1 + 2(k 1 + · · · + k n ) + n with 2 + k 1 + · · · + k n + n − k arguments for which Φ (a α , a δ1(1) , . . . , a δ k 1 (1) , x γ1 , a δ1(2) , . . . , a δ k 2 (2) , x γ2 , . . . ,
. . , i k }, and k i < γ i ≤ γ * for all i. If γ * is finite, then, as mentioned above, n ≤ γ * · 2 γ * and k i < γ * ; therefore, the length of Φ is no longer than 2(γ * ) 2 · 2
γ * , and the number of its arguments is at most (γ 
We have obtained a shorter representation of a α as an element of H β . This contradiction proves the claim that a α / ∈ H β . Let G ′ = α∈τ G α . Then G ′ is a subgroup of G of cardinality ≤ τ with property P (because so are all G α and the family of subgroups with property P forms a τ -club in [G] ≤τ ), G ′ ⊃ X, and the H α with α ∈ τ form a decreasing chain of subsets of G ′ containing 1. Moreover, G ′ = {1} ∪ {a α : α ∈ τ }, and for each a α , there is a β ∈ τ such that a α / ∈ H β . Therefore, α∈τ H α = {1}. Note that if α < β < γ ∈ τ , then H
for some n ∈ ω and ordinals γ 1 , . . . , γ n such that α + γ i ∈ τ and each γ i occurs at most 2 |γi| times. Clearly, for δ = α + max{γ 1 , . . . , γ n }, we have aH δ ⊂ H α . Thus, the sets H β with β ∈ τ form a base for some nondiscrete Hausdorff group topology T on G ′ . Since the intersection H β ∩ A is nonempty (it contains x β ) for each β, it follows that 1 belongs to the closure of A ∩ G ′ in this topology, i.e, A ∩ G ′ is not unconditionally closed in G ′ . Note that any intersection of less than τ sets H α contains some H β (because these sets decrease and τ is regular), i.e., is open in T . Hence any F <τ -set in T is closed in T (i.e., T is a P τ -topology), and A ∩ G ′ is not even unconditionally τ -closed in G ′ . Now, let B be an arbitrary non-τ -algebraic set in G, i.e., a set such that B = B. 
≤τ with property P such that it contains b (the one-point set {b} plays the role of X) and 1 belongs to the closure of b Remark 1. Any algebraic set in the group G is unconditionally closed in G [5, Theorem 1] . Therefore, any τ -algebraic set in G is an intersection of F <τ -sets in any Hausdorff group topology on G and hence unconditionally τ -closed.
Remark 2. The regularity of τ is needed only to show that A is not unconditionally τ -closed. Without this assumption, we obtain the following statement: Suppose that τ is an infinite cardinal, G is a group, P is a property of groups such that subgroups with property P form a τ -club in [G] ≤τ , and A ⊂ G is not τ -algebraic in G. Then the family of subgroups G ′ ∈ [G] ≤τ with property P in which A ∩ G ′ is not unconditionally closed is unbounded in [G] ≤τ .
Definition (D. Dikranjan and D. Shakhmatov). A subgroup H of a group G is said to be supernormal in G if, for any g ∈ G, there exists an h ∈ H such that g −1 xg = h −1 xh for all x ∈ H. Corollary 1. Suppose that τ is a regular infinite cardinal and G is a group such that [G] ≤τ contains a τ -club consisting of supernormal subgroups. Then any set A ⊂ G is τ -algebraic in G if and only if A is unconditionally τ -closed in G.
Proof. Suppose that A ⊂ G and A is not τ -algebraic in G. Let P be the property of belonging to the given τ -club of supernormal subgroups. By Theorem 1, there exists a supernormal subgroup H in G in which A ∩ H is not unconditionally τ -closed, i.e., there exists a Hausdorff group P τ -topology T on H in which A ∩ H is not closed. Let B be any neighborhood base at the identity element of T . Since H is supernormal, it follows that B is also a base for some group topology on G; clearly, this topology is Hausdorff and P τ , and A is not closed in it. Thus, any unconditionally τ -closed subset of G is τ -algebraic in G. The converse implication holds by Remark 1.
Corollary 2 (see also [9] ). A subset of a direct product G of an Abelian group A and a direct product B = α∈I B α of countable groups is unconditionally closed in G if and only if it is algebraic in G. of G, where A ′ is a countable subgroup of A and B ′ is a countable subproduct in B, are supernormal in G, and they form a club in [G] ≤ω . It remains to apply Corollary 1.
Corollary 3.
If τ is an infinite regular cardinal and G is a group with center of index ≤ τ , then a set A ⊂ G is τ -algebraic in G if and only if A is unconditionally τ -closed in G.
Proof. Let Z be the center of G. The condition |G : Z| ≤ τ means that there exists a set X ⊂ G of cardinality ≤ τ such that, for any g ∈ G, there exists an x ∈ X and a z ∈ Z for which g = xz. Any subgroup H ⊂ G containing X is supernormal in G. Indeed, if g = xz, where x ∈ X(⊂ H) and z ∈ Z, then, for any h ∈ H, we have g −1 hg = z −1 x −1 hxz = x −1 hx. It remains to note that the family of all subgroups H ∈ [G] ≤τ containing X forms a club in [G] ≤τ and apply Corollary 1.
Since the center of any group G has index ≤ |G|, we obtain the following corollary (see also Remark 2).
Corollary 4 (Podewski [7] ). If the set G \ {1} is not |G|-algebraic in G (i.e., G is ungebunden), then G \ {1} is not unconditionally closed (i.e., G admits a nondiscrete Hausdorff group topology). Corollary 5. An infinite group G of regular cardinality is ungebunden if and only if it admits a nondiscrete Hausdorff group P |G| -topology.
